The consistent theory of formation of pulsed squeezed states as a result of self-action of ultrashort light pulse in the medium with relaxation Kerr nonlinearity has been developed. A simple method to form the ultrashort light pulse with sub-Poissonian photon statistics is analyzed too.
I. INTRODUCTION
There are two main approaches in the quantum theory of self-action (or self-phase modulation) of ultrashort light pulses (USPs). In the first approach (see [1] - [3] ) the calculations of the nonclassical light formation of the self-action of pulses assume that the nonlinear response of the medium is instantaneous and that the relative fluctuations are small. The latter assumption is valid for the intense USPs ordinarily used in experiments. However a finite relaxation time of the nonlinearity is of principle importance. The relaxation time of the nonlinearity determines a region of the spectrum of the quantum fluctuations that play a large role in the formation of squeezed light. In the alternative approach the inertia of the nonlinearity [4, 5] is taken into account. The methods that have been developed in [4] and [5] differ in the interaction Hamiltonian. In [4] the authors considered the interaction Hamiltonian presuming one has to introduce thermal fluctuations in order to satisfy the commutation relations for time-dependent Bose-operators. For the case of the normally ordered interaction Hamiltonian [5] it is not necessary to take into consideration thermal fluctuations. The results of the quantum theory of the USPs self-action in the medium with the relaxation Kerr nonlinearity based on the normally ordered interaction Hamiltonian are presented below. Variances of the quadrature components and spectral distribution of the pulsed quadrature-squeezed light are calculated. Besides, propagation of such a pulse in a dispersive linear medium is analyzed. It is shown that in this case the pulse with sub-Poissonian photon statistics can be formed.
II. QUANTUM THEORY OF THE SELF-ACTION OF THE LIGHT PULSE
We describe the process under consideration by the following interaction Hamiltonian
where the coefficient β is determined by the nonlinearity of the medium, H(t) is the nonlinear response function of the Kerr medium H(t) = 0 for t ≥ 0 and H(t) = 0 for t < 0;N is the normal ordering operator,n(t, z) =Â
is the photon number density operator, andÂ + (t, z) andÂ(t, z) are the photon's creation and annihilation Bose-operators in a given cross section z. The operatorn(t, z) commutes with the Hamiltonian (1) and thereforê n(t, z) =n(t, z = 0) =n 0 (t), where z = 0 corresponds to the input of the nonlinear medium. According to Eq.(1) the spatial evolution of the operatorÂ(t, z) is given by the equation
in the moving coordinate system, z=z ′ and t=t ′ −z ′ /u (u is the velocity of the pulse), and
The solution of Eq. (2) isÂ
HereÂ 0 (t) =Â(t, 0), γ = βl, l is the length of the nonlinear medium. For h(t) = 2δ(t) andÂ 0 (t) =â 0 expressions (3)- (4) have a form corresponding to single-mode radiation. To verify the commutation relation [Â(t 1 , l),Â + (t 2 , l)] = δ(t 1 −t 2 ) and to calculate the quantum characteristics of the pulse it is necessary to develop an algebra of time-dependent Boseoperators [5] , [7] . In agreement with Eq.(1) the photon number operator remains unchanged in the nonlinear medium. This fact has already been used in Eq. (2) . Therefore, in the case of self-action it is of greatest interest to study the fluctuations of the quadrature components. Here we restrict our consideration by the X-quadratureX(t, z) = [Â + (t, z) +Â(t, z)]/2. The correlation function of the X-quadrature is given by the formula [5] 
where ψ(t) = 2γ|α 0 (t)| 2 is the nonlinear phase addition, α 0 (t) is the eigenvalue of the operatorÂ 0 (t) of the pulse at the initial coherent state, Φ(t) = ψ(t) + φ(t) (φ(t) is the r (1 + |τ |/τ r ) exp (−|τ |/τ r ) (τ r is the nonlinearity relaxation time). We took into consideration that the parameter γ ≪ 1 and the pulse duration τ p ≫ τ r . According to Eq.(5), the spectral density of the quadrature fluctuations is
where
. It follows from Eq.(6) that the level of the quadrature fluctuations, depending on the value of the phase Φ(t), can be bigger or smaller than the shot-noise corresponding to S (coh) (ω) = 1/4. If the phase of the pulse is chosen optimal for a frequency
, then the spectral density at this frequency is minimal. The calculated spectra at t = 0 for the case of ω 0 = τ −1 r are presented in Fig.1 . It is obvious from Fig.1 that the frequency band in which the spectral density of the quadrature fluctuations is lower than the shot-noise level depends on the nonlinear phase addition ψ(0).
III. SQUEEZED LIGHT PULSE IN DISPERSIVE LINEAR MEDIUM
We analyse now the propagation of the quadrature-squeezed pulse through a dispersive linear medium in which the following operator transformation take placê
Here G(t, z) is the Green function for the medium, z is the distance andÂ(t, l) is the input value of the operator (at z = 0) defined by Eq.(4). Let us introduce the photon number operator over the measurement time T and the Mandel parameter Q(t, z):
Let us assume that the initial light pulse has Gaussian formn 0 (t) =n 0 exp {−t 2 /τ 2 p } and the Green function equals to G(t, z) = (−i2πk 2 z) −1/2 · exp {−it 2 /2k 2 z}. The coefficient k 2 characterizes the dispersion of the group velocity. In the case of the normal dispersion k 2 > 0 and for the anormal dispersion k 2 < 0. When a phase self-modulated pulse passes through the dispersive linear medium the compression or the decompression of the pulse takes place. This effect can change the photon statistics of the pulse. In the so-called paraxial approximation we get [6] 
IV. CONCLUSIONS
The main results of the developed systematic theory are as follows. The spectral region with level of the quadrature fluctuations less than the shot noise depends on relaxation time of the nonlinearity and the nonlinear phase addition. The choice of the initial phase of pulse gives us possibility to control the frequency when the coefficient of squeezing is maximal. The propagation of the quadrature-squeezed light pulse through a dispersion linear medium (an optical fiber or optical compressor) can lead to formation of the pulse with sub-Poissonian photon statistics. 
